We propose a new dynamical method to estimate binary mass ratios by using the period of superhumps in SU UMa-type dwarf novae during the growing stage (the stage A superhumps). This method is based on a working hypothesis in which the period of the superhumps at the growing stage is determined by the dynamical precession rate at the 3:1 resonance radius, a picture suggested in our new interpretation of the superhump period evolution during the superoutburst (Osaki, Kato 2013). By comparison with the objects with known mass ratios, we show that our method can provide sufficiently accurate mass ratios comparable to those obtained by quiescent eclipse observations. This method is very advantageous in that it requires neither eclipses, nor an experimental calibration. It is particularly suited for exploring the low mass-ratio end of the evolution of cataclysmic variables, where the secondary is undetectable by conventional methods. Our analysis suggests that previous estimates of mass ratios using superhump periods during superoutburst were systematically underestimated for low mass-ratio systems and we provided a new calibration. It suggests that most of WZ Sge-type dwarf novae have secondaries close to the border of the lower mainsequence and brown dwarfs, and most of the objects have not yet reached the evolutionary stage of period bouncers. Our result is not in contradiction with an assumption that the observed minimum period (∼77 min) of ordinary hydrogen-rich cataclysmic variables is indeed the period minimum. We highlight the importance of early observation of stage A superhumps and propose a future desirable strategy of observation.
Introduction
Cataclysmic variables (CVs) are close binary systems composed of a white dwarf primary and a red-dwarf or brown-dwarf secondary transferring matter via Roche overflow [for a review of CVs, see Warner (1995) ; Hellier (2001) ]. The transferred matter forms an accretion disk around the white dwarf. Dwarf novae (DNe) are a class of CVs that undergo recurrent outbursts, whose origin is believed to be the thermal instability in the accretion disk. SU UMa-type dwarf novae are a subclass of DNe that show long-lasting outbursts called superoutbursts and superhumps during superoutbursts. The origin of superhumps is generally believed to be the tidal instability (Whitehurst 1988 ) generated at the radius in 3:1 resonance with the orbital motion of the secondary. In the thermal-tidal instability (TTI) model (Osaki 1989) , the superoutburst is triggered by an outburst which produces an expansion of the accretion disk to the radius of the 3:1 resonance and thereby excites the tidal instability to produces superhumps 1 and strong tidal removal of the angular momentum from the disk [for a review, see Osaki (1996) ]. There is a long history to try to extract the elusive mass ratio q = M 2 /M 1 of the binary from the fractional superhump (SH) excess in period, which is defined by ε ≡ P SH /P orb − 1 where P SH and P orb are the superhump period and the orbital period of the binary, respectively. That is to try to estimate the binary's mass ratio q from easily observable superhump-period excess ε. It is convenient to introduce another expression, ε * , the apsidal precession rate of the eccentric disk, ω pr , over the binary orbital angular frequency, ω orb , which is written as ε * ≡ ω pr /ω orb = 1 − P orb /P SH . These two ε's are related with each other by ε * = ε/(1 + ε) or ε = ε * /(1 − ε * ).
the superhump light source based on the enhanced mass transfer (EMT) model, in which the superhump may be produced by variable hot-spot brightness due to variable mass transfer rate which is in turn produced by periodic variation in irradiation heating of the secondary star. Our discussion presented in this paper can not be applied to Smak's EMT model. This is firstly because the basic underlying "clock" for variable irradiation in his model is rather vague as Smak (2009) has just mentioned it as "a tidal origin" and secondly because his model involves the time delay between enhanced irradiation heating on the surface of the secondary and enhanced mass transfer, ∆t flow , and this time delay is very uncertain because of uncertain nature of the hydrodynamic flow on the surface of the secondary. [Vol. ,
The apsidal precession rate of an eccentric disk in SU UMa stars was first discussed by Osaki (1985) , who showed that the precession rate is a function of the binary's mass ratio, q, and the disk radius R d because the apsidal precession rate of an accretion disk is basically determined by the gravitational tidal torques of the secondary star acting on the eccentric disk. Thus it was natural to use ε * or ε for estimating q. This method was thus used to estimate the mass ratio for X-ray binaries (Mineshige et al. 1992) , and for cataclysmic variable stars Patterson et al. 2005 and refinements by various authors).
However, there are two problems in this approach. One is that the superhump period varies with time during a superoutburst and thus a question naturally arise at what stage we should apply the ε − q relation. The other problem is that the the pressure effects within the disk contribute in determining the apsidal precession rate of the eccentric disk besides the pure dynamical effects of the secondary tidal torques and thus it is not a pure dynamical problem.
As for the first problem, through an extensive survey of SU UMa-type dwarf novae, Kato et al. (2009) have shown that the superhump periods in many SU UMa-type dwarf novae exhibit a characteristic pattern of variation where their O − C diagrams show a variation with the stage A-B-C: (1) stage A with growing superhumps; the superhump period is longer than in other stages, (2) stage B with a shorter superhump period; in objects with short P orb , the period derivative P dot ≡Ṗ /P is positive, i.e. the superhump period increases during this stage, (3) stage C with a shorter superhump period than in stage B; during stage C, the period is relatively constant and this stage often continues after the termination of the superoutburst (figure 1). Kato et al. (2009) experimentally assumed that the period of the superhumps (or the fractional superhump excess) at the beginning of stage B reflects the precession rate at the 3:1 resonance. This selection was based on the finding that this period is very close to the superhump stable period of stage C in objects with P dot > 0. Kato et al. (2009) regarded stage A superhumps as immature superhumps, and the fully mature superhump at the beginning of stage B reflects the fully grown 3:1 resonance. Using this assumption and using the dependence of the dynamical precession rate on the radius, Kato et al. (2009) estimated the disk radius variation in a purely dynamical way. This treatment, however, neglected the pressure effect.
As for the second problem of the pressure effects, it is known that they act to reduce the apsidal precession rate of the eccentric disk (Lubow 1992; Hirose, Osaki 1993; Murray 1998; Montgomery 2001; Pearson 2006) . Among them Pearson (2006) showed that the pressure effect is necessary to express the observation, and derived the strength of the pressure effect for the calibration objects in Patterson et al. (2005) using the formulation by Lubow (1992) .
In this paper, we propose a new dynamical method to estimate binary mass ratios by using the period of superhumps in SU UMa-type dwarf novae during the growing stage (the stage A superhumps), and examine the periods of superhumps recorded in Kato et al. (2009) , Kato et al. (2010) , Kato et al. (2012a) , Kato et al. (2013) . In section 2, we present the major premise of our working model and its formulation. In section 3 we present a test for the interpretation using a comparison with systems with known q and a comparison of the resultant evolutionary sequence. In section 4 we present various applications and implications.
The Main Premise of Our Working Model and Its Formulation
Osaki, Kato (2013) have proposed a new interpretation for the time evolution of the superhump period during superoutbursts of V344 Lyr and V1504 Cyg in the Kepler data, in particular by using a comparison of simultaneously recorded positive and negative superhumps. In SU UMa stars, the longest superhump period (and therefore the highest apsidal precession rate) occurs at the growing stage of the superhump (stage A in Kato et al. 2009 classification) . have interpreted that this is most likely given by that corresponding to the dynamical precession rate at the 3:1 resonance radius. Its following rapid decrease in the SH period (a transition from stage A to stage B) is then understood as due to propagation of the eccentricity wave to the inner part of the disk by which a larger portion of the disk is involved in determining the precession rate of the whole disk.
In this interpretation, the dynamical precession rate at the 3:1 resonance is represented in the growing stage of superhumps (stage A) when the eccentric wave is still confined to the location of the resonance. In this paper we adopt this interpretation as our working model and we examine its consequence below. This interpretation leads to an important consequence: q can be directly determined (without an experimental coefficient) by a dynamical way from ε * of the stage A superhumps. The traditional way of using ε * for stage B superhumps to estimate q (e.g. Patterson et al. 2005; Kato et al. 2009 ) suffers from the unknown pressure effect, which is expected to be the strongest in stage B, resulting large uncertainties.
The dynamical precession rate, ω dyn , at radius r in the disk can be expressed by (see, Hirose, Osaki 1990 )
where r is the dimensionless radius measured in units of the binary separation A, ω orb is the angular frequency of the binary motion, and
We estimate the dynamical precession rate at the 3:1 resonance radius, which is given by
We can now calculate the dynamical precession rate of the eccentric disk at the 3:1 resonance radius and we show our results in table 1 and figure 2 for ε * − q relation. We also give approximate analytic formulae as follows:
which has a maxmimum error 0.00004 in ε * and q = −0.0016 + 2.60ε
which has a maxmimum error 0.0004 in q, respectively, in the range of 0.025 ≤ q ≤ 0.394. Since numerical integration using equation (2) converges sufficiently quickly, we recommend to use integration rather than polynomial approximations. By identifying the observed ε * for stage A superhumps to the dynamical precession rate at the 3:1 resonance radius, we can obtain q. This is our basic strategy in this paper. We now compare our interpretation with the smoothed particle hydrodynamics (SPH) simulations of superhumps by Murray (1998) , who demonstrated the evolution of the superhump period for one of his simulations in a form of O − C diagram. His O − C diagram showed a pattern similar to stage A-B transition during the growing stage of superhumps. Our result is now compared with SPH result [Murray (1998) , P SH /P orb (max) corresponding to stage A]. The agreement is fair: ε * =0.090 for q=0.25, ε * =0.065-0.069 for q=3/17=0.176 and ε * =0.049 for q=1/9=0.111. Considering the intrinsic difficulty in measuring the periods from SPH simulations, the agreement appears to be sufficient.
Since the SPH simulations are favorably compared with our interpretation, let us turn to observations. 
Comparison with Observations

Stage A Superhumps in Systems with Known Mass Ratios
Some objects have known mass ratios determined from quiescent eclipse observations. These objects are listed in table 2 together with WZ Sge, which has constraint on q from Doppler tomography (Steeghs et al. 2001) . We have determined the q from stage A superhumps by our method described in section 2, and made a comparison with the observed q.
As the first step, we made a comparison of the estimated q from all known stage A superhumps by our method and q from quiescent eclipse observations to see what quality of observation is needed to make this estimate. The result is shown in figure 3 . Since there are intrinsic difficulties both in eclipse observations and observation of stage A superhumps, there remain a relatively large scatter in some objects. The agreement is, however, good for objects with both reliable eclipse observations and well-covered stage A observation.
The problem for each object can be summarized as follows. V1239 Her: There were only three superhump measurements in stage A, and the period was determined assuming that stage A continued to E = 22 . If stage A-B transition took place earlier, the period of stage A should be longer. The present analysis would favor this interpretation. This period appears to be inadequate for a comparison. DV UMa: The eclipses of this object are deep, and it was difficult to determine the times of stage A superhumps. The combined O−C diagram showed a large scatter (Kato et al. 2012a) . Although the 2007 data were used to make the present comparison, possible stage A superhumps were also detected in the 1997 data (Patterson et al. 2000; Kato et al. 2009) . Using E ≤ 12 maxima for the 1997 data, we obtained a period of 0.0933(9) d. This period gave q=0.26, which appears too large. The period of stage A superhumps in this object needs to be re-examined by future observations. HT Cas: The measurement by Horne et al. (1991) was rather old, and the weakness of the hot spot in this object would make the eclipse analysis difficult [e.g. Feline et al. (2005) ]. Ioannou et al. (1999) favored a different q value. It appears that q value is still uncertain for this object. Despite the very good coverage of the 2010 superoutburst (Kato et al. 2012a) , the eclipses unfortunately overlapped the superhump maxima around this phase (see figure 9 in Kato et al. 2012a ) and the period of stage A superhumps was very inaccurate. This period appears to be inadequate for a comparison. Considering these uncertainties and difficulties, direct comparisons of q values from eclipse observations and stage A superhumps will continue to be the challenges of the future. We can, however, safely say there does not appear to be a strongly contradicting case at least for low-q objects.
Evaluation of q from Stage A Superhump and
Although a comparison between q values from stage A superhumps and from quiescent eclipse observation is most direct, it suffers from the small number of objects and lower quality of stage A observation due to eclipses. We therefore took an alternative approach in which we examine the relation between the binary orbital period P orb and the mass ratio q estimated from stage A superhumps by our method for a much larger sample of both eclipsing and non-eclipsing SU UMa stars.
From evolutionary consideration of the cataclysmic variable stars, it is well known (e.g. Knigge 2006 ) that there is a definite relation between the orbital period, P orb , and the mass of the secondary star (P orb − M 2 relation) and if we assume some certain mass for the primary white dwarf [M 1 ; Savoury et al. (2011) showed that the mean M 1 =0.83 M ⊙ with an intrinsic scatter of 0.07 M ⊙ for systems with P orb ≤ 0.066 d.], we can translate it to P orb − q . Estimated q based on our method versus P orb . Names are shown for only some objects. The dashed and solid curves represent the standard and optimal evolutionary tracks in Knigge et al. (2011), respectively. relation. In this subsection we examine the binary mass ratios q estimated from the stage A superhump by using the P orb − q relation. We also compare the same relation for the mass ratio obtained from quiescent eclipse observation.
Estimation of q Values from Stage A Superhumps by Our Method for a Much Larger Sample of Both Eclipsing and Non-Eclipsing SU UMa Stars
We estimated q from periods of stage A superhumps by our method for a much large sample of both eclipsing and non-eclipsing SU UMa stars. Since it has become evident (subsection 3.1) that not all values for stage A superhump listed in the study like Kato et al. (2009) are adequate for this purpose, we restricted our analysis to observations in which stage A-B transition was recorded (table  3 ). The quality 1 represents multiple-night observation of stage A and quality 2 represents either single-night observation or observations with relatively large errors. For these objects, the difficulty met in deeply eclipsing systems (subsection 3.1) that eclipses interfere the detection and measurement of stage A superhumps does not exist, and we only need to focus on the duration and selection of the segment used for analysis. Based on necessary requirement for observation as examined in subsection 3.1, we restricted E ranges for the three objects: E ≤ 13 for SDSS J1556 (2007), E ≤ 17 for PU CMa (2008) and 8 ≤ E ≤ 21 for BW Scl (2011, due to the contamination of early superhumps) obtained revised values. The random error in period estimates with the PDM and O − C analysis by the profile fitting method (Kato et al. 2009 ) sufficiently lower than 0.0002 d if the observation baseline is 1-2 d, which typically corresponds to an error of 0.01 in q. In low-q systems, the stage A lasts longer and its period is easier to determine.
We also noticed that there was a better segment in the Kepler data of V1504 Cyg to measure stage A superhumps (Osaki and Kato in prep.) . In this case, stage A superhumps were observed during the quiescent state between the precursor and the main superoutburst. Since the precession frequency is not expected to be affected by the pressure effect in such a cold disk, we can safely neglect the pressure effect. Using the V1504 Cyg data for BJD 2455876.8-2455878.7, we have obtained a period of stage A superhump 0.07377(6) d. This corresponds to ǫ * =0.0570(7) and the value of q=0.172(2) is derived. These values were adopted in table 3. A closer examination of the O −C data in Kato et al. (2012a) indicates that the period of stage A superhumps was variable even within stage A, and the period corresponding to 0.07377 d was only present on the first night of the appearance of stage A. We interpret that the tidal effect is stronger in higher-q systems and the eccentric region spreads more quickly than in low-q systems. This lesson would tell us we should pay more attention to choosing a segment of observations when analyzing objects with long-P orb or higher-q objects. The value of 0.07395(21) d in Kato et al. (2012a) corresponds to q=0.181(10). The revised value is within 1σ of the value derived from the entire stage A superhumps in an ordinary superoutburst, and these measurements are not in serious contradiction.
The result is shown in figure 4 for the P orb − q relation. In table 3, we also listed q values in Patterson (2011) (P11). Most of his q values were determined from ε for stage B superhumps using the empirical relation in Patterson et al. (2005) . For objects with high-quality stage A measurements, the agreement between these two methods is very good for q larger than 0.085-0.090, indicating that our method is consistent with the previous method at least for higher-q objects. Patterson et al. (2005) used an older P orb for V342 Cam [0.0763 d, one of the candidate aliases listed in Aungwerojwit et al. (2006) , see Kato et al. (2009) for the selection], and the difference between the estimated q values was caused by this period selection. If we use the older value, we obtain q=0.121(4), perfectly in agreement.
The agreement is, however, worse for lower q objects. This is particularly clearly seen in WZ Sge, for which Patterson (2011) gave q=0.046 in contrast to our q=0.078(3). Patterson (2011) seems to have underestimated q for low-q objects, i.e. WZ Sge-type dwarf novae. This can be understood as follows: Patterson (2011) used stage B superhumps, which is strongly affected by the pressure effect and the relative strength of the pressure effect depends on q, i.e. lower q objects has a stronger pressure effect ; later discussion in this paper). Since Patterson (2011) used a nearly linear ε − q relation for low-q and assumed ε = 0 for q = 0, this pressure effect was translated to a systematically smaller q. This systematic trend would affect the discussion for the evolution of low-q objects, i.e. the objects near or after the period minimum. For example, systematically smaller q will increase the fraction of brown-dwarf secondaries or period bouncers. Our figure 4 suggests that most of the dwarf novae have not yet reached the period minimum.
One notable object is OT J184228. This object was suggested to be a period bouncer using the ε for stage B superhumps (which were only seen during its second outburst; Kato et al. 2013 ). The present conclusion from stage A superhumps well agrees with the previous identification.
Comparison of q Values with Those from
Quiescent Eclipse Observation In recent years, the advent of high-speed CCD photometry and the use of Markov-chain Monte Carlo (MCMC) modeling of the light curve have made great improvement in measuring binary parameters (Littlefair et al. 2008; Southworth, Copperwheat 2011) than in the 1990s. We can now use more reliable set of q measurements than in the time of Patterson et al. (2005) , Knigge (2006) .
A comparison of q estimated from stage A super- Knigge et al. (2011) in that an angular momentum loss larger than solely from the gravitational wave radiation is needed to reproduce the P orb -q relation.
humps and q measured by eclipses is given in figure  5 . In addition to the objects in (Baptista et al. 1998) , SDSS J152419.33+220920.0 (Southworth et al. 2010 ) and V4140 Sgr (Borges, Baptista 2005) . The agreement of the evolutionary sequence between two types of measurements is very good. The outlier in the upper left corner is V2051 Oph, whose quality of parameter estimation may have not been so good. This figure corresponds to figure 6 in Littlefair et al. (2008) with a much higher number of q estimates.
We have seen both in direct comparison and in comparison of the inferred evolutionary sequence that q values from stage A superhumps are reliable and as accurate as those from determined from quiescent eclipse observations. We can therefore adopt the assumption that stage A superhumps indeed reflect the dynamical precession rate at the radius of the 3:1 resonance. We should note, however, the result by our method appears to give smaller q for long-P orb objects. We suspect that this is caused by insufficient observational coverage for early part of stage A superhumps in these objects, since these objects took shorter time to develop superhumps, and the early stage A evolution tends to be missed by observation. This difficulty is apparently avoided for short-P orb objects because T. Kato and Y. Osaki [Vol. , they have a long waiting time before superhumps appears. This interpretation need to be checked by future observations.
Discussion
New Calibration for ε − q Relation
Although we consider that the use of stage A superhumps is the first choice for estimating q for objects with well-observed stage A superhumps, this condition is not always met by observation. In such cases, we may use stage B superhumps to estimate q, as have been done traditionally, under a simplified assumption of the constant pressure effect for each q. One should remember that the pressure effect may different between different objects, and the treatment here may not be always valid.
By using q estimated from stage A superhumps, we can re-calibrate the ε − q relation for a much larger sample than in Patterson et al. (2005) or Kato et al. (2009) , which were mainly based on q values estimated by using relatively rare eclipsing systems. As the first step, we re-calibrate the frequently used ε − q relation in Patterson et al. (2005) (and its improvement in Kato et al. 2009 ). In order to make a fair comparison with Patterson et al. (2005) , we used ε estimated from P SH tabulated in his paper by Patterson (2011) since ε is dependent on the outburst phase, and Patterson et al. (2005) apparently "estimated period 4 d after maximum light (or hump onset)" when this is available [footnote 11 of Patterson (2011) ]. Since P SH for WZ Sge was missing, we supplied it from Patterson et al. (2002) . The result is shown in figure 6 . The systematic departure from the relation in Patterson et al. (2005) is evident: q is always estimated lower for ε ≤ 0.018. A linear fit yielded a new relation q = 0.035(10) + 3.09(40)ε,
which may be used for superhump periods in the early phase (but not so early as stage A superhumps). This equation suggests that ε could be negative for q ≤ 0.035 (i.e., retrograde precession for a sufficiently low q), and this is probably due to the stronger pressure effect in relation to the tidal effect in low-q systems. Although this functional form is not theoretically derived, we may have a qualitative interpretation. According to Lubow (1992) , the apsidal precession rate (ν pr ) can be written as a form:
where the first term, ν dyn , represents a contribution to disk precession due to tidal perturbing force of the secondary, giving rise to prograde precession, the second term, ν pressure , the pressure effect giving rise to retrograde precession, and the last term, ν stress , the minor wave-wave interaction. While ν dyn is dependent on q (roughly ∝ q), ν pressure is independent of q, suggesting a functional form like ε ∼ a × q − const., a linear relation between ε and q. Although this effect was also noticed in the analyses by Pearson (2006) and Goodchild, Ogilvie (2006) , their samples were a mixed class of objects from Patterson et al. (2005). The actual treatment of the precession rate in the presence of pressure, however, is more complex in terms of eigenfunction expression (cf. Hirose, Osaki 1993; . Similarly, we obtained a relation for the middle (mean) of stage B superhumps (values from Kato et al. 2009 , Kato et al. 2012a as follows: q = 0.026(7) + 3.36(27)ε.
Although these regressions appear useful within the limit of observational scatter, a linear regression on the q − ε space cannot properly take into account of the nonlinear dependence of ε on q (we therefore do not recommend to use figures 6, 7 to estimate q). We instead may better use the value of ε * at the 3:1 resonance radius (i.e., the value of ε * for stage A superhumps) to represent q and we find a relation between observed ε and this dynamical precession rate ε * in representing q. This method is expected to better deal with the non-linear functional form of ε * against q. Once this relation is obtained, one can estimate the dynamical precession rate for the 3:1 resonance radius from the observed ε, and then convert the dynamical precession rate into q using the relation in section 2 (such as table 1 or figure 2). The result is shown in figure 8 . The presence of a curvature of the relation by Patterson et al. (2005) on this plot now clearly demonstrates the cause of the systematic errors for low-q objects using the relation in Patterson et al. (2005) . The linear regression is ε * (3 : 1) = 0.016(3) + 0.94(12)ε.
We recommend to use this relation rather than equations (6) and (8) 
Implication to CV Evolution
The new q values estimated from stage A superhumps make the largest difference in low-q or short-P orb systems, i.e. WZ Sge-type dwarf novae. Since the case of WZ Sge itself has been long discussed, here we examine this case. Despite a huge amount of efforts, the nature of the secondary in WZ Sge is still unclear. Steeghs et al. (2001) first succeeded in detecting the emission from the secondary in the Doppler tomography, and Steeghs et al. (2007) combined the ultraviolet radial velocity to estimate M 1 =0.85(4)M ⊙ and M 2 =0.078(6)M ⊙ . Patterson et al. (2002) , however, argued that q should be smaller considering the M K ∼ 9.5 for a 0.09M ⊙ secondary which contradict with M K > 12.2 derived from a trigonometric distance of 43(2) pc (Thorstensen 2003) and the absence of the secondary feature in the spectrum. Patterson (2011) preferred a very low mass secondary, q = 0.045.
Our result suggests q=0.078(3), and using Steeghs et al. (2007) , we obtained M 2 =0.066(4)M ⊙ . This mass corresponds to a brown dwarf having M K =10.6-11.1 (Knigge 2006) . Harrison et al. (2013) recorded the near-/midinfrared variation attributable to ellipsoidal modulations of an L2-type secondary having M K =11.1. Harrison et al. (2013) estimated that the secondary contributes to 80% at the eclipse minimum, and raised a question why the expected CO absorption for an L2 brown dwarf has not yet been detected. Our mass estimate higher than Patterson et al. (2002) supports the result by Harrison et al. (2013) and the secondary of WZ Sge is likely an object on the borderline of the end of the main sequence (M K ∼ 11) and brown dwarfs. In reality, the popular Kumar limit (∼0.075 M ⊙ ) for core hy-[Vol. , The q value for WZ Sge is slightly higher than the value of q=0.0661(7) for SDSS J143317.78+101123.3, the eclipsing object with a system parameter (P orb =0.05424 d) close to WZ Sge. The secondary of this object has recently been identified as an L2-type brown dwarf (Littlefair et al. 2013) . There have been another detection of a brown dwarf in the eclipsing system SDSS 103533.03+055158.4 having P orb =0.057007 d and q=0.055(2) (Littlefair et al. 2006b ). Since the latter two objects were more white dwarf-dominated in the spectrum and the eclipse light curves, these objects can be naturally understood as objects that passed the evolutionary stage of WZ Sge.
There has been a lot of discussions regarding the value of the period minimum and on the observational evidence for its presence. While the standard evolutionary model of CVs gives a shorter period (65-70 min, Kolb, Baraffe 1999; Howell et al. 2001 ), this value is much shorter than the minimum orbital period of ordinary hydrogenrich CVs (Kolb 1993) . Gänsicke et al. (2009) detected a high concentration of CVs near the period of ∼80 min using the sample selected by the Sloan Digital Sky Survey (SDSS). Woudt et al. (2012) used the sample based on the Catalina Real-Time Survey (CRTS) and reached a similar conclusion. These authors used the distribution of P orb for discussion. The P orb distribution of dwarf novae detected as transients, however, can be biased due to the very low outburst frequency near the period minimum. Considering this bias, Uemura et al. (2010) applied a Bayesian approach to estimate the parent population, and obtained a shorter period minimum of ∼70 min assuming a certain functional form for the P orb distribution. Kato et al. (2012b) applied the same method to the neural network-based P orb estimates using the SDSS colors of CRTS-selected objects. Although the latter method has a potential to estimate P orb for a large number of less biased transients, it still suffers from the spread of the distribution due to estimation errors, and it allows a lower period minimum. Our present method can provide the q distribution against P orb even for faint objects, and is more sensitive to the CV evolution than the distribution of P orb alone. Our new result indicates that q starts to decrease quickly around P orb ≃80 min, and the evolutionary sequence appears to approach the period minimum around this period. Our result is not in contradiction with an assumption that the observed minimum period (∼77 min) is indeed the period minimum. This discussion, however, ignores the intrinsic spread of the period minimum and a more sophisticated treatment, as well as the increase of the sample including ones in the region of period bouncers, is required to make a more decisive discussion.
In subsection 3.2.2, we suggested that the result by our method appears to give smaller q for long-P orb objects. This is more apparent when we compare the result with drogen burning has no great significance in the case of CV evolution. The surface temperature of the secondary can depend on the age and evolution history. We use the term "brown dwarf" in the popular sense when describing the CV secondaries, and mean secondaries with masses somewhere below 0.05-0.09 M ⊙ (Patterson 2011) .
the theoretical evolutionary sequence (figures 4, 5). Since the Kepler data for V344 Lyr, which was not affected by the lack of early stage A observations, deviates from the theoretical evolutionary sequence, there may be a wider intrinsic spread of q in long-P orb systems than in short-P orb systems. This possibility needs to be tested by a larger sample. Post-Superoutburst Another good application to the present method would be to estimate the disk radius using superhumps long after the superoutburst. Since the disk is sufficiently cold in such a situation, we can expect that the superhump wave is confined to the disk's outer edge, and we can ignore the pressure effect. Such persistent superhumps have been particularly well observed in WZ Sge-type dwarf novae. Kato et al. (2008) estimated the radius by assuming that stage B superhump represents the 3:1 resonance and concluded that these modulations are superhumps arising from matter near the tidal truncation radius. Since the new assumption is very different from the one at the time of Kato et al. (2008) , we re-estimated the radius. The results are listed in table 4. It has become evident that there are two groups: objects with a large disk radius (0.37-0.38A: GW Lib, V455 And, BW Scl) and ones with a small disk radius (0.30-0.32A: WZ Sge, EZ Lyn). These groups correspond to WZ Sge-type dwarf novae without rebrightenings and with multiple rebrightenings, respectively. It would suggest that the remnant disk matter is larger if no rebrightenings occurs. While the smaller one appears to agree to what was supposed in Osaki (1995) , the larger one is much larger than this.
Disk Radius in
If these radii for the WZ Sge-type dwarf novae in the post-superoutburst state is universal, we may estimate q by using the period of the post-superoutburst superhumps. A notable example is EG Cnc , which showed a period of 0.06051(2) d (value refined in Kato et al. 2009 ). EG Cnc is a system with multiple rebrightenings Kato et al. 2004a) , and we assume a disk radius of 0.31A. The resultant q=0.059(5), which is again larger than q = 0.035 in Patterson (2011) . This value seems to be consistent with the updated empirical ε − q (figure 6).
Disk Radius from Stage C Superhumps
The same procedure may be applied to stage C superhumps, though the disk is hotter than the fully postsuperoutburst disk in WZ Sge-type dwarf novae and there may be remaining pressure effect. Since stage C superhumps often continue to exist after the termination of the superoutburst, we nevertheless estimated the disk radius by the same method used above. The results are shown in table 5 and figure 10. We note here that these results should be looked at with a caveat mentioned above. The majority of the objects have a disk radius 0.35±0.04A, which is not very different from that estimated from postsuperoutburst superhumps in WZ Sge-type dwarf novae. By using this assumption, we may estimate q for objects 
ER UMa Stars and Implication to TTI Model
So far, none of ER UMa stars, a subgroup of SU UMa stars with very frequent outbursts and short supercycles (Kato, Kunjaya 1995; Robertson et al. 1995; Patterson et al. 1995) , has been reported to show stage A superhumps in particular for those systems with a low mass ratio q such as ER UMa and V1159 Ori. This can be understood in the framework of the TTI model as follows. In ER UMa stars, the superoutburst is not triggered by a normal outburst as in many SU UMa-type dwarf novae, but the 3:1 resonance starts to appear before the onset of the superoutburst ("Case C" superoutburst in Osaki, Meyer 2003, Osaki 2005) because the disk becomes larger than the 3:1 resonance even in quiescence. In this case, the tidal instability triggers the superoutburst. In such a condition, the superhump wave is not restricted to the 3:1 resonance radius at the onset of the superoutburst, and the pressure effect is expected to be already strong, i.e. the object is already in stage B in the early phase of the superoutburst. Although true stage A may be found when the object is still in quiescence, it may be difficult to detect because the luminosity of the disk is much lower than in the superoutburst. The result that the q values from stage A superhumps very well reproduces the q values from quiescent eclipse observations verifies that our assumption that the disk radius is close to the 3:1 resonance when the superhumps start to emerge. This is the very consequence of the TTI model, and the present result (and the lack of stage A superhumps in ER UMa stars) again strengthens the TTI model. [Vol. , 4.5. Quiescent Superhumps in AL Com and Other Systems Abbott et al. (1992) detected a very long-period superhump period (89.6 min = 0.0622 d) in AL Com in quiescence. This period has ε * =0.089, and Patterson et al. (1996) suggested such a large ε * could arise from the disk close to the 2:1 resonance. We consider this case. Since the q value is not well known in AL Com, we used q=0.078 of WZ Sge, which has very similar P orb and P SH to AL Com. Because the pressure effect can be neglected in the quiescent disk, we can use the method in subsection 4.3.1. We could obtain ε * =0.089 at a disk radius of 0.66A. This is close to the radius for the 2:1 resonance (0.61A for q=0.078). Considering the uncertainty in q, this result seems to support the interpretation by Patterson et al. (1996) .
Similar signals, although they may have not been as obvious to be directly seen in the raw light curve as in AL Com, have been reported in other systems: BW Scl (ε * =0.104, Uthas et al. 2012) , possibly EQ Lyn (ε * =0.13, Szkody et al. 2010 ) and V455 And [ε * may be 0.084 if one-day alias is allowed for the data in Araujo-Betancor et al. (2005), (Szkody et al. 2010) ]. Using our q=0.067 for BW Scl, the large ε * requires a disk radius of 0.70A. Even allowing q=0.073, it requires 0.69A. The value for EQ Lyn is even larger, and these (possibly transient) phenomena may be different from superhumps.
Summary
We have examined an assumption that the superhump period during the early growing stage of superhumps (stage A superhumps) reflects the dynamical precession rate at the 3:1 resonance, a picture introduced in . We have found that the q values estimated from this assumption and q values from quiescent eclipse observations are in good agreement. This led to q estimation of a number of SU UMa-type dwarf novae without measured q values. The obtained q values followed the same CV evolutionary sequence in P orb − q diagram determined from quiescent eclipse observations in the literature, and we consider this agreement strengthens the validity of our method. Our method gave systematically larger q for short-P orb systems (WZ Sge-type dwarf novae) compared to Patterson (2011) , which we interpret as a result of the stronger pressure effect in low-q systems in his case. This difference indicates that the most of the secondaries of known WZ Sge-type dwarf novae are near the border between lower main-sequence and brown dwarfs, and the mass of the secondary at the period minimum is higher than in Patterson (2011) . Using our q values, we provide new experimental formulae to convert the observed period excess of fully grown superhumps (stage B superhumps) to q. This method was also used to estimate the disk radius after the termination of superoutburst.
Our study particularly suggests that estimation of ε * from observations of stage A superhumps can rival the accuracy of the quiescent eclipse observations, and the estimated q from stage A superhumps may be even considered as accurate as q estimates by other dynamical methods. This leads to a very important suggestion to future observations: since stage A lasts only for 1-2 d, it is crucial to start observing superhumps immediately following the onset of the superoutburst, and multi-longitudinal observations are indispensable to record a phase lasting only for 1-2 d. Such a requirement for observation naturally explains why "stage A superhump" only became apparent in this modern era: it is a direct outcome of world-wide cooperation of amateur-professional observers and immediate announcements of outburst detections via internet (no outbursts have been kept secret!), both of which we, especially the VSNET Collaboration (Kato et al. 2004b) , have been striving for. Our present research predicts that more coordinated immediate notifications and intensive multi-longitudinal observations in the very early stage of already known and newly discovered SU UMa-type dwarf novae will bring many more q estimations to life whose number can easily surpass the past q estimates of DNe obtained by analyzing quiescent eclipses or radial-velocity studies mobilizing huge telescopes. It will certainly enrich our understanding of the still poorly known late stage of CV evolution. And this is now feasible with distributed small telescope around the globe -why don't you proceed in this way!
